Strong associativity of a group algebra  by Shourijeh, B. Tabatabaie & Faraji, M.A.
Expo. Math. 24 (2006) 379–383
www.elsevier.de/exmath
Strong associativity of a group algebra
B. Tabatabaie Shourijeh∗, M.A. Faraji
Department of Mathematics, College of Sciences, Shiraz University, Shiraz 71454, Iran
Received 21 February 2005
Abstract
The concept of strongly associative algebra was introduced in Dokuchaev and Exel [Associativity
of crossed products by partial actions, enveloping actions and partial representations. Trans Amer
Math Soc, 2005] roughly 2 years ago. In Section 3 of Dokuchaev and Exel (to appear), the authors
gave an example of a non-strongly associative algebra. Following that example, the strong associa-
tivity of the group algebra of the cyclic group of order four was claimed. In this paper, we will prove
that this group algebra is not strongly associative.
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1. Introduction
Recently, the concept of partial action of a group on a set or on an algebra has played an
important role in making new algebras. More precisely, given a triple (A,G, ) in which G
is a group, A is a set or an algebra and  is a partial action of G on A. If A is a C∗-algebra,
then A× G gives us a C∗-algebra which is called C∗-partial crossed product of A and G
by  and is considered in [1–6].
If A is an (associative) algebra, A×G is a skew group ring and is discussed in [7].
Some properties of these constructions, such as ideals, simplicity and associativity (if A is
a C∗-algebra) are investigated in [3,2,5].
∗ Corresponding author.
E-mail address: tabataba@math.susc.ac.ir (B.T. Shourijeh).
0723-0869/$ - see front matter 2006 Elsevier GmbH. All rights reserved.
doi:10.1016/j.exmath.2005.11.005
380 B.T. Shourijeh, M.A. Faraji / Expo. Math. 24 (2006) 379–383
In the case of aC∗-algebra, the associativity ofA× G is proved in [3] using approximate
identities. If A is an associative algebra whose ideals are idempotent, the associativity of
A×G is proved in [7] by using the algebras of multipliers.
This paper is organized as follows:
After some elementary facts in introduction we will achieve our main goal in Section 2
(Theorem 2.5).
Here, we introduce the concept of a partial action.
Let A be an algebra and G be a group with identity e. By a partial action of G on A we
mean a pair = ({Dg}g∈G, {g}g∈G) in which for each g,Dg is a two-sided ideal of A and
g : Dg−1 → Dg
is an algebra isomorphism, satisfying,
(i) De = A and e = idA, the identity map on A;
(ii) g(Dg−1 ∩ Dh) = Dg ∩ Dgh;
(iii) g(h(x)) = gh(x) for all x ∈ Dh−1 ∩ Dh−1g−1 , g, h in G.
According to one of the results of this subject [7, Section 1], if  is a partial action of a
group G on an algebra A, then the following conditions hold:
(i) dom(goh) = −1h (Dh ∩ Dg−1);
(ii) h−1 = −1h .
Following [7] we introduce A×G, the skew group ring, corresponding to .
Deﬁnition 1.1. If  is a partial action of a group G on an algebra A, then the set of all ﬁnite
sums {∑g∈G agg : ag ∈ Dg} in which ag g is the A-valued function on G which takes ag
at g and zero at every other element of G, with the following addition and multiplication, is
called the skew group ring corresponding to 
(i) agg + bgg = (ag + bg)g ,
(ii) (agg).(bhh) = g(g−1(ag)bh)gh.
The following lemma shows that the algebra A is embeddable in A×G.
Lemma 1.2. The map f : A → A× G deﬁned by f (a) = ae is an embedding.
Proof. Obviously, f is an algebra homomorphism. To show that f is an injection, let a, b ∈
A such that ae = be. For given g ∈ G we have ae(g) = be(g). By putting g = e, we
have a = b, i.e., f is an injective map. 
2. Strongly associative algebras
In this section, the notion of strongly associative algebra is introduced. Following [7]
an example of a non-strongly associative algebra is given. Our major new result, that is,
non-strong associativity of the group algebra of the cyclic group of order four, is proved.
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We will use the following deﬁnition of [7]. From now on, K will be a ﬁeld.
Deﬁnition 2.1. A K-algebra A is called strongly associative if for any group G and an
arbitrary partial action  of G on A the skew group ring A× G is associative.
As a consequence of [7, Theorem 3.1] we know that if A is a K-algebra whose ideals are
idempotent, then it is strongly associative.
Here, we will consider Example 3.5 of [7] and prove that the group algebra of the cyclic
group of order four is not strongly associative.
Example 2.2. LetAbe a four-dimensionalK-vector spacewith basis {1, t, u, v}. Obviously,
with the following multiplication A will be an associative K-algebra with the unit element
1. For all a ∈ A
a1 = 1a = a, tv = vt = u
and
u2 = v2 = t2 = tu = ut = uv = vu = 0.
The ideal I of A generated by v is
I = (v) = Av = {av : a ∈ A}.
This ideal is the subspace of A generated by elements u and v, simply because
I = {av : a ∈ A} = {(11 + 2t + 3u + 4v)v : i ∈ K, i = 1, 2, 3, 4}
= {(11)v + (2t)v + (3u)v + (4v)v : i ∈ K, i = 1, 2, 3, 4}
= {1v + 2u + 3(0) + 4(0) : i ∈ K, i = 1, 2, 3, 4}
= {1v + 2u : i ∈ K, i = 1, 2}.
With G = 〈g : g2 = e〉 = {g, e}, Dg = Dg−1 = I,De = A and
g : Dg−1 → Dg
deﬁned by
g(u) = v, g(v) = u,
we make a partial action of G on A. Now we show that the skew group ring A×G is not
associative. If x = te + ug , then by (ii) of Deﬁnition 1.1 we have
xx = (te + ug)(te + ug)
= e(e−1(t)t)e + e(e−1(t)u)g + g(g−1(u)t)g + g(g−1(u)u)g2
= t2e + tug + g(u)g + g(0)e
= 0 + 0 + vg + 0 = vg ,
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and
(xx)x = (vg)(te + ug)
= g(g−1(v)t)g + g(g−1(v)u)g2
= g(ut)g + g(uu)e
= 0 + 0 = 0,
on the other hand,
x(xx) = (te + ug)(vg)
= e(e−1(t)v)g + g(g−1(u)v)g2
= tvg + g(v2)e
= ug + 0 = ug .
This shows that (xx)x = x(xx), i.e., A× G is not associative.
The following proposition is pivotal for our purpose.
Proposition 2.3. If charK = 2 then the algebra A of the Example 2.2 is isomorphic to the
group algebra of the Klein four-group over K.
Proof. Let X = {1, t, u, v} be the above basis for the algebra A, and suppose charK = 2.
We will ﬁnd another basis B for A which, as a group, is isomorphic to the Klein four-group
H. Put
B = {1, 1 + t, 1 + v, 1 + t + v + u}.
It is trivial from linear algebra that B is a basis of A, and as a group, it is isomorphic to
the Klein four-group H. From BH we conclude that A = KBKH. 
We need the following important facts concerning ﬁnite nilpotent groups and group
algebras.
A ﬁnite group G is a p-group if and only if |G| is a power of p [8, Corollary 5.3].
The following fact shows the relevance of ﬁnite p-groups and ﬁnite nilpotent groups.
Every ﬁnite p-group is nilpotent [8, Theorem 7.2].
Here, we recall the following important fact from [9].
Lemma 2.4. Let G be a ﬁnite nilpotent group and K be a ﬁeld whose characteristic divides
|G|. The group algebra KG is strongly associative if and only if |G| = 2 or |G| = 3.
Now we are ready to prove the main theorem of this section.
Theorem 2.5. If charK = 2 then the group algebra KG of the cyclic group of order four
over K is not strongly associative.
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Proof. Note that |G| = 22, thus by Hungerford [8, Corollary 5.3] the group G is a ﬁnite
2-group. By Hungerford [8, Theorem 7.2] the group G is a ﬁnite nilpotent group. Since
|G| = 4 by Lemma 2.4 the group algebra KG is not strongly associative.
It is remarkable that, we can give another proof for the non-strong associativity of the
Klein 4-group. Let H be the Klein-4 group and charK = 2. Since |H | = 4 by Lemma 2.4
we conclude that KH is not strongly associative. 
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